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Abstract. In this paper we investigate some free boundary problems for the Lotka- 
Volterra type prey-predator model in one space dimension. The main objective is to 
understand the asymptotic behavior of the two species (prey and predator) spreading 
via a free boundary. We prove a spreading-vanishing dichotomy, namely the two species 
either successfully spread to the entire space as time t goes to infinity and survive 



in the new environment, or they fail to establish and die out in the long run. The 
long time behavior of solution and sharp criteria for spreading and vanishing are also 
obtained. Finally, when spreading successfully, we provide an estimation to show that 
the spreading speed (if exists) cannot be faster than the minimal speed of traveling 
wavefront solutions for the prey-predator model on the whole real line without a free 
boundary. 
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1 Introduction 

The expanding of the new or invasive species is one of the most important topics in mathemat- 
ical ecology. A lot of mathematicians have made efforts to develop various invasion models and 
£S) \ investigated them from a viewpoint of mathematical ecology. In this paper we consider three free 

boundary problems for the Lotka-Volterra type prey-predator model. 
In the real world, the following two kind of phenomenon may happen: 

(i) At the initial state, one kind of prey species (for example, some pest species) occupied some 
bounded area (initial habitat). In order to control such prey species we put one kind of predator 

^ \ species (natural enemies) in this area; 

(ii) There is some kind of species (prey) in a bounded area (initial habitat), and at some time 
(initial time) another kind of species (the new or invasive species, predator) enters this area. 

In general, both prey and predator have a tendency to emigrate from the boundary to obtain 
their new habitat, i.e., they will move outward along the unknown curve (free boundary) as time 
increases. It is assumed that the movement speed of free boundary is proportional to the gradients 
of both prey and predator. We want to realize the dynamics/variations of prey, predator and 
free boundary. For simplicity, we assume that the interaction between prey and predator obeys 
the Lokta-Volterra law, and restrict our problem to the one dimensional case. Under the suitable 
rescaling, the model we are concerned here becomes one of the following three free boundary 
problems: 

(i) Left boundary is fixed with zero Dirichlet boundary condition and the right boundary 
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is free 



ut — u xx = u(l — u — av), 
vt - dv xx = v(c-v + bu), 
u = v = 0, 



t > 0, < x < h{t), 
t > 0, < x < h(t), 
t>0, x = 0, 



(DFB) 



t > 0, < x < /i(t), 
f > 0, < x < h(t), 
t>0, x = 0, 
t > 0, x = h(t), 
x G [0,/i ], 



(NFB) 



(TFB) 



u = u = 0, /i'(i) = —fJ,(u x + /9f x ), i > 0, x = h(t), 
u(0,x) = u (x), v(0,x) = v (x), xe[Q,h ], 
{ h{0) = h ; 

(ii) Left boundary is fixed with zero Neumann boundary condition and the right bound- 
ary is free 

' ut — u xx = u(l — u — av), 
vt - dv xx = v(c-v + bu), 
u x = v x = 0, 

u = v = 0, h'(t) = -fJ,(u x + pv x ) 
u(0,x) = u (x), v(0,x) = v (x), 
h(0) = h ; 

(iii) With double free boundaries 
' ut — u xx = u(l — u — av), t > 0, g(t) < x < h(t), 

vt — dv xx = v(c — v + bu), t > 0, g(t) < x < h(t), 

u = v = 0, g'(t) = -m(u x + piv x ), t > 0, x = g(t), 
u = v = 0, h'(t) = —\i T [u x + p r v x ), t > 0, x = h(t), 
u(0,x) = u {x), v(0,x) = v {x), x G [—ho, ho], 
I g{0) = -h , h(0) = ho. 
In the above three problems, x = g(t) and x = h(t) represent the left and right moving bound- 
aries, respectively, which are to be determined, a,b,c,d,ho, p,, p, m, p r , Pi and p r are given positive 
constants. The initial functions uo{x),vo(x) satisfy 

(DFB1) n , vo G C 2 ([0,h }), u (0) = «o(0) = u Q (h Q ) = v (h ) = 0, u {x),vo(x) > in (0,h ) 
for the problem (DFB); 

(NFB1) u , vo G C 2 ([0,h }), u' (0) = v' {0) = u (h ) = v {h ) = 0, u (x),v (x) > in (0,h ) 
for the problem (NFB); 

(TFB1) u , v G C 2 ([-h ,ho}), u (±h ) = v (±h ) = 0, u (x),v (x) > in (-h ,h ) for the 
problem (TFB). 

The ecological backgrounds of free boundary conditions in the above problems can also refer to 
[T]. Such kind of free boundary conditions have been used in [TH [TB], [2I]-[23] and [2"5] . 

Recently, Wang and Zhao [291 EQ] studied the similar free boundary problems to (TFB) with 
double free boundaries in which the prey lives in the whole space but the predator lives in a 
bounded area at the initial state. Especially, in [30J, the authors dealt with the higher dimension 
and heterogeneous environment case. They established the spreading-vanishing dichotomy, long 
time behavior of solution and sharp criteria for spreading and vanishing. 

Since the solution of (TFB) has the same properties as that of (NFB), we only discuss problems 
(DFB) and (NFB) in the following. For the global existence and uniqueness of solution, similar to 
the proof of Theorem 2.1, Lemma 2.1 and Theorem 2.2 in [29J, we can prove the following theorem. 
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Theorem 1.1 Any one of (DFB) and (NFB) has a unique global solution, and for any a G (0, 1) 
and T > 0, 

(u,v,h) G [C^> 1+a (D T )} 2 x C 1+ f ([0,T]), 

where 

D T = {(t,x) G R 2 : i€ (0,T], x G (0, fc(t))} . 
Furthermore, there exists a positive constant M such that 

< u(t,x),v(x,t) < M for < t < oo, < x < h(t), 
< h'(t) < M for < t < oo. 

In the absence of v, the systems are reduced to the phase Stefan problems which were studied 
by Kaneko and Yamada |17] and Du and Lin [11] . The well-known Stefan condition has been used 
in the modeling of a number of applied problems. For example, it was used to describe the melting 
of ice in contact with water [28] , the modeling of oxygen in the muscle [5] , the wound healing [3] , 
the tumor growth @], and the spreading of species [3 El HH [HI HH Hfil [13 HH [291 [30]. There 
is a vast literature on the Stefan problem, and some important theoretical advances can be found 
in [21 [5] and the references therein. 

Some similar free boundary problems have been used in two-species models in several earlier 
papers; please refer to, for example, [TBI ESI Ell 1221 E3 121] over a bounded spatial interval, and [T4"] 
over the half spatial line for the competition model. For the study of free boundary problems of 
other type ecological models, we refer to, for instance, [H EJ H21 [HJ [26] and references cited therein. 

The organization of this paper is as follows. To study the long time behaviour of solution to 
the problem (DFB), in Section 2 we discuss its stationary solutions. Section 3 is devoted to the 
long time behavior of (u(t,x),v(t,x)). To establish the sharp criteria for spreading and vanishing, 
in Section 4 we provide some comparison principles. The sharp criteria for spreading and vanishing 
will be given in Section 5. In Section 6, we study the estimation of asymptotic spreading speed. 
The last section is a brief discussion. 



2 Positive solutions of the corresponding elliptic problems in the 
half line 

To discuss the long time behaviour of solution to the problem (DFB), we first discuss its stationary 
solutions. The stationary problem of (DFB) is the following elliptic problem in the half line 

— u" = u(l — u — av), < x < oo, 

-dv" = v(c— v + bu), < x < oo, (2.1) 
u(0) = u(0) = 0. 

The main purpose of this section is to study the existence of positive solutions of (|2.ip . To this 
aim, we first study the existence and uniqueness of positive solution to the following problem of 
single equation: 

{—du" = u(f(x) — An), < x < oo, 
(2.2) 
n(0) = 0, 

where d and A are positive constants. When / is a positive constant, by Proposition 2.1 of PQ or 
Proposition 4.1 of [UJ, the problem (I2.2p has a unique positive solution u{x). Moreover, u'(x) > 
and lim u(x) = f/X. 



4 



2.1 The existence, uniqueness and stability of positive solution to ( 12.21) 
Theorem 2.1 Assume that f satisfies 

/eC£ c ([0,oo)) withO <a<l, inf /(x) :=/ >0, ||/|U < oo. (2.3) 



x>0 

Then the problem (|2.2[) /ias a unique positive solution u(x). Furthermore, 

(i) if f( x ) is increasing in x, so is u(x) and lim u(x) = j lim fix); 

(ii) if f(x) is decreasing in x, then either u(x) is increasing in x, or there exists xq > such that 
u(x) is increasing in (0, xq) and u(x) is decreasing in (xq,oq). Therefore, lim u(x) = j lim f(x); 

Proof. We first analyse the properties of positive solution u to the problem (|2.2|) . It is obvious 
that li'(O) > 0. Moreover, 

(a) if n(xi) > t||/||oo and u'(xi) > for some xi G (0, oo), then u(x) must approach 
infinity as x approaches some finite x 2 . This is impossible since u(x) is defined in [0, oo); 

(b) if u{x\) < /o/A and u'{x\) < for some x\ G (0,oo), then u must vanish at some 
finite x 2 - This is also impossible as u(x) is positive in (0, oo). 

So we have 

u'(0)>0, and supu(x) < Uf\\oc, (2.4) 

x>0 A 

and there exists some positive constant r, depending on d, A and /, such that 

u{x) > r, V x > 1. (2.5) 



(2.6) 



Next, we prove the existence. It is well known that, when / > it\J dj /o, the problem 

{-tin" = u(f(x) - An), < x < /, 
u (0) = = n(0 

has a uniqueness positive solution, denoted by ui, and ui satisfies 

sup ui(x) < yII/IIoo- 
0<x<1 A 

Moreover, by the comparison principle (O Lemma 5.2], or Proposition 2.1]) we have that ui(x) 
is increasing in L In view of the regularity theory and compactness argument, it follows that there 
exists a positive function u, such that ui — > u in C^ oc ([0, oo)) as I — > oo, and u solves (|2.2p . 
The uniqueness is followed from the following comparison principle. 

At last, notice that for any x 6 (0,oo), u(x) < jf(x) if u"(x) < 0, while u{x) > jf{x) if 
u"(x) > 0, it is easily seen that conclusions (i) and (ii) hold. rj 

Now we give the comparison principle. Let d and A be positive constants. Assume that /j E 
C[" c ([0,oo)) and satisfies < inf x >o fi(x) < ||/j||oo < oo for i = 1,2. By Theorem l2.lt the problem 

{— du" = u(fi(x) — Xu), < x < oo, 
u(0) = 

has a positive solution, denoted by Ui. 
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Proposition 2.1 (Comparison principle) Under the above conditions, if fi(x) < f2(x) for all 
x > 0, then we have that 

ui(x) < U2(x), V x > 0. 

Proof. First, by (|2.4p and (|2.5p . we have that ^(0) > and < < j swp x>Q fi(x) < oo 

for all x > 0, and «j(a?) > r for all x > 1 and some positive constant r. Hence, there exists a 
constant > 1 such iti(x) < ku2(x) for all x > 0. Let 

Vi\ \Xj 

ko = inf {k > : ui(x) < ku2(x), Vi> 0}, i.e., A;o = sup — — . 

x>0 U 2 {X) 

Then u\(x) < kou 2 (x) for all x > 0. If £;o < 1, then our conclusion is true. 

We assume that ko > 1 and shall derive a contradiction. Let <p(x) = kou 2 (x) — u\(x). Then 
<p(x) > for all x > 0, and if satisfies 

- dip" = kou 2 {f 2 (x) - \u 2 ) - ui(x)(f 1 (x) - Aui) 

> fi(x)(p - \(k i4 - u\) 

= [fi(x) - X(kou 2 + u 1 )}ip + Xk ul(k - 1), 0<x<oo (2.7) 

> [fi(x) - X(k u 2 + u\))tp 

> \h($)v, 0<x< 1 (2.8) 

since /i(0) > and m{x) — > as x — ► 0. Thanks to cp(0) = 0, we have y/(0) > 0. If ip'(0) = 0, 
it follows from (12.8P that (p'(x) < as < x C 1. Consequently, <p(x) < as < x <C 1. This is a 
contradiction. So, f'(0) > 0, i.e., kou' 2 (0) > w'i(0). Remember this fact and the definition of ko, it 
is easily seen that at least one of the following happens: 

(i) There exists some xq £ (0, oo) such that ^0^2(^0) = ui(%o), 

(ii) kou 2 (x) — ui(x) > for all x > and liminf [kou 2 (x) — u\(x)] = 0. 

x— ¥00 

When the case (i) occurs, then <p(xa) = 0, y'(xo) = and ip"(xo) > 0. It is derived from (12.7(> 
that ko < 1. This is a contradiction. 

When the case (ii) happens, then liminf (f(x) = 0. Remember that <p(x) > for all x > 0, it is 

x— >oo 

not hard to prove that there exists a sequence {x n } with x n — > 00 such that 

<~p" ( x n) > 0, lim tp(x n ) = 0. 

n— >oo 

By passing to a subsequence, we may assume that u m (x n ) — > a for some positive constant a. It 
follows from (12.711 that 



> [fi(x n ) ~ X(k u 2 (x n ) + ui(x n ))](p(x n ) + Xk ul(x n )(k - 1). 
Let n — > 00 we get 

> Xk a 2 (k - 1) > 0. 

This is also a contradiction. The proof is finished. rj 

In the following, we denote the unique positive solution of (|2.2p by u(x). Now we discuss its 
global stability. 
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Theorem 2.2 Assume that d and A are positive constants, and f{x) satisfies (|2.3p . Suppose that 
cj) ^ is a bounded, continuous and nonnegative function. Let u(t, x) be the unique solution of the 
following parabolic problem 

ut — du xx = u{f{x) — An), t > 0, < x < oo, 
< u(t,0) = 0, t > 0, 

^ u(0,x) = 4>{x), < x < oo. 

Then 

lim u(t,x) = u(x) uniformly in any compact subset of [0,oo). (2-9) 

t— >oo 

Proof. By the positivity of parabolic equations we have that u{t, x) > for all t > and 
x > 0, and u x (t, 0) > for all t > 0. We may assume that <f>(x) > for all x > 0, and 0(0) = 
and (j)'(0) > 0. It is well known that, when I > nWd/fo, where /o = inf x >o f{x) > 0, the problem 
(|2.6|) has a unique positive solution, denoted by ui(x). For I > i\^J d/fo, consider the following 
initial-boundary value problem 

ut — du xx = u(f(x) — An), t > 0, < x < I, 
< u (t,0) = = u{t,l), t>0, (2.10) 

k u(0,x) = </>(x), 0<x<l. 

Let ui(t,x) be the unique solution of (|2.10p . Then 

u{t,x) >ui(t,x), VxG [0,1], t>0. (2.11) 

It is obvious that a large positive constant M is an upper solution of ([2T5|> . Note that Z > iry/d/f , 
it can be proved that <5i sin ^ is a lower solution of (|2.6p provided that < Si <C 1. Since 0(x) > 
for x > and 0'(O) > 0, there is a small positive constant 82 such that 82 sin ^ < c/>(x) for all 
x G [0, Z]. Set <5 = min{(5i, ^2}, then (5 sin ^ < <f>{x) for all x E [0, Z] and 5 sin ^ is a lower solution of 
(|2.6|) . Let ui(t, x) and Ui(t, x) be the unique solution of (|2.10p with <p(x) = M and <f>{x) = 5 sin ^f-, 
respectively. Then 

ux{t,x) <ui{t,x) <ui(t,x), V x £ [0,1], t > 0, (2.12) 

and u~i(t,x) is decreasing and n^(t,a;) is increasing in i. Moreover, both limits lim^oo ui(t, x) = 
ui(x) and lim^oo n^i, x) = n;(x) are positive solutions of (|2.6|) . By the uniqueness we have 
n/(x) = n^(x) = ui(x). It follows from (|2.12p that 

lim m(t,x) = ui(x) uniformly in [0,1]. 

t— >co 

Hence, by (fXTTD . 

liminf u(t, x) > uAx) uniformly in [0,1]. 

t—>oc 

From the proof of Theorem 12.11 we know that ui — > u in Cj^ Q ([0, 00)) as Z 
by (|2.13p . we arrive at 



(2.13) 

00. Consequently, 



liminf u(t, x) > u(x) uniformly in any compact subset of [0, 00). 

t— ¥00 



(2.14) 
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Let M = max {Halloo, ||/||oo/A} and u(t,x) be the unique solution of 

u t — du xx = u{f{x) — Xu), t > 0, < x < oo, 
< u(t,0) = 0, t>0, 
u(0,x)=M, 0<x<oo. 

Then we have the following conclusions: 

(a) u(t, x) is monotone decreasing in t; 

(b) u(t,x) < u(t,x) for x > and t > 0; 

(c) u(t, x) > u(x) for x > and i > since < M; 

(d) lim^oo x) = u*{x) uniformly in any compact subset of [0, oo) for some positive 
solution u*(x) of (1^2jh 

Because of u(x) is the unique positive solution of (|2.2p . one has u*(x) = ■u(x). Therefore, 
limsuptt(t, x) < n(x) uniformly in any compact subset of [0, oo). 

t— >oo 

This combines with (|2.14p to derive (|2.9p . rj 

Before ending this subsection, we provide two propositions that will be used in the study of the 
long time behaviour of solution to the problem (DFB). 

Proposition 2.2 Assume that d and A are positive constants, f(x) satisfies (|2.3p . For any given 
constant K > ^||/||oo and any I S> 1, let ui(x) be the unique positive solution of 

{-du" = u(f(x) - Xu), < x < I, 
u(0) = 0, u(l) = K. 

Then we have 

lim iii(x) = u(x) uniformly in any compact subset of [0,oo). 

I— >OD 

Proof. First, the existence and uniqueness of u~i(x) can be obtained by the upper and lower 
solutions method and comparison principle ([f>l Lemma 5.2], [TBI Proposition 2.1]), respectively. 

Since u\{x) < K in [0,1], by the comparison principle we see that ui(x) > u(x) in [0,1], and 
u~i(x) is decreasing in I. Similar to the proof of Theorem 12.11 ui — > u in C^ oc ([0, oo)) as I — > oo 
because of u is the unique positive solution of (|2.2p . □ 

Using Proposition 12.11 and the regularity theory and compactness argument, we can prove the 
following proposition. 

Proposition 2.3 Assume that d and A are positive constants, f{x) satisfies (|2.3p . Let < e <C 1 

and uf(x) be the unique positive solution of 

{—du" = u(f(x) ± e — Xu), < x < oo, 
«(0) = 0. 

Then 

limn e (x) = u(x) uniformly in any compact subset of [0,oo). 
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2.2 The existence of positive solution to (12.11) 

Theorem 2.3 Assume that a(b+c) < 1. Then the problem (|2,ip has a positive solution. Moreover, 
any positive solution (u, v) of (|2.ip satisfies 

u(x) < u{x) < u(x), v(x) < v(x) < v(x), V x > 0, (2.15) 

where u, v, u and v will be given in the following proof. 

Proof. Step 1: The construction of u, v, u and v. 
Let u be the unique positive solution of 



f — u" = u(l — u), < x < oo, 
\ u(0) = 0. 

Then 

u'(x) > 0, and lim u(x) = 1. 

X— ¥OC 

In view of Theorem 12. 1\ the problem 

{—dv" = v[c — v + bu(x)], < x < oo, 
v{0) = 



(2.16) 



(2.17) 



has a unique positive solution, denoted by v(x). Then v'{x) > and lim v(x) = b + c. Since 

x— >oo 

a(b + c) < 1, by Theorem 12. II again, the problem 

( —u" = u(l — av(x) — u), < x < oo, 
\ n(0) = 

has a unique positive solution, denoted by u(x). Then u(x) < 1 and lim u(x) = 1 — a(b + c). By 

x— >oo 

virtue of Theorem 1 2 . 1 1 once again, the problem 

{—dv" = v[c — v + bu(x)}, < x < oo, 
u(0) = 

has a unique positive solution, denoted by v(x). Then u(a;) < b + c. 

Applying Proposition 12.11 we have that u(x) < u(x) for all x > 0. Consequently, v(x) < v(x) 
for all x > by use of Proposition 12.11 once again. 

Step 2: Existence of positive solution. 

The conclusion of Step 1 show that u, v, u and v are the coupled ordered lower and upper 
solutions of (|2.ip . For any given / > 0, it is obvious that u, v, u and v are also the coupled ordered 
lower and upper solutions of the following problem 

— u" = u(l — u — av), < x < I, 
—dv" = vie — v + bu), < x < L 

(2.18) 

u(0) = u(0), u(0)=u(0), 
<U (l)=u(l), v(l) = v(l). 

By the standard upper and lower solutions method we know that the problem (|2.18p has at least 
one positive solution, denoted by (ui,vi), and 

u(x) < ui(x) < u(x), v(x) < vi(x) < v(x), V < x < I. 
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Applying the local estimation and compactness argument, it can be concluded that there exists a 
pair (u, v), such that (ui,vi) — > (u,v) in [C^ c ([0, oo))] 2 , and (u, v) solves (|2.ip . It is obvious that 
(u, v) satisfies (I2.15p . 

By use of Proposition 12.11 successively, we also have that if a(b+c) < 1 then any positive solution 
(u,v) of ([21]) satisfies (|2~T5jl . n 

3 Long time behavior of (u, v) 

It follows from Theorem 11.11 that x = h(t) is monotonic increasing. Therefore, lim^—^oc h{t^ — ^oo ^ 
(0,oo]. To discuss the long time behavior of (u,v), we first derive an estimation. 

Theorem 3.1 Let (u,v,h) be the solution of (DFB) or (NFB). If < oo, then there exists a 
constant M > 0, such that 

\\u(t r ),v(t,-)\\ cl[0:h(t)] <M, Vi>l. 

Moveover, 

lim h'{t) = 0. (3.1) 

t— >oo 

Proof. The proof is similar to that of Theorem 4.1 of |29j . We omit the details. 
3.1 Vanishing case (h^ < oo) 

Theorem 3.2 Let (u,v,h) be any solution of (DFB) or (NFB). If h^ < oo, then 

hm \\u(t, ■), v(t,-)\\ ([o,h(t)]) =0. (3.2) 

This result shows that if both prey and predator can not spread into the whole space, then they will 
die out eventually. 

We should remark that this theorem plays the key roles in the following two aspects: (i) affirming 
that the two species disappear eventually; (ii) determining the criteria for spreading and vanishing 
(see the following Section 5). 

Proof of Theorem l3.21 The proof is similar to that of [29, (4.6)] , we give only the brief outline 
here. Use the arguments in the proof of [291 (4-6)], it cab be shown that lim^oo \\v (t, -)||c([o, h(t)]) = 
0. Hence, there exists T> 1, such that 

v(t, x) < l/(2a) V t > T, 0<x< h{t). 
Remember that v x (t,h(t)) < for all t>T,we see that u(t,x) satisfies 

t > T, < x < h(t), 
t>T, x = 0, 
t>T, x = h(t), 
t = T, x G [0, h(t)}. 

Taking the indirect method, similar to the proof of |29J (4.6)] we can prove that 

Hm KV)llc([cu(t)]) =0 - 

The proof is finished. q 



' u t - u xx > u(l/2 - u), 
u = or u x = 0, 

< 

u = 0, h'(t) > —fi r u x , 
u(t, x) = u(T, x), 
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3.2 Spreading case (h^ = oo) 

We first consider the problem (NFB). Same as the proofs of Theorems 4.3 and 4.4 in |29j . we can 
prove the following two theorems. 

Theorem 3.3 Let (u,v,h) be the solution o/(NFB). If h^ = oo, then for the weakly hunting case 
ac < 1, ab < 1, we have 

i- i \ 1 — ac b + c 

lim u(t, x) = -, hm v{t, x) 



t->oo 1 + ab t-too 1 + ab 

uniformly in any compact subset o/M. 

We remark that the conditions ac < 1 and ab < 1 are similar to the weak competition conditions, 

sec \U 



Theorem 3.4 Let (u,v,h) be the solution of (NFB). If hoo = oo, then for the strongly hunting 
case ac > 1, we have 

lim u(t,x) = 0, lim v(t,x) = c 

t— >oc t— >oo 

uniformly in any compact subset o/IR. 

In the rest of this section, we consider the problem (DFB). This is the main part of this section. 

Theorem 3.5 Assume that h(oo) = oo. If a(b + c) < 1, then the solution (u(t,x),v(t,x)) of 
(DFB) satisfies 

liminf u(t,x) > u(x), lim sup u(i, x) < u(x) uniformly in any compact subset of [0, oo), (3.3) 



t— >oo 



t—^oo 



liminf v(t,x) > v(x), limsupw(t,x) < v(x) uniformly in any compact subset of [0, oo), (3.4) 



where u, v, u and v are given in the proof of Theorem [27 
Proof. Step 1 Define 

f Uq(x), < x < ho, 

4>(x) = { 

[0, x > h , 

and let w(t,x) be the unique positive solution of 

wt — w xx = w(l — w), t > 0, < x < oo, 
w(t, 0) = 0, t>0, 
w(0,x) = 4>{x), x > 0. 

By the comparison principle, u{t,x) < w(t,x) for all t > and < x < h(t). In view of Theorem 
2.2[ lim^oo w(t, x) = u{x) uniformly in any compact subset of [0,oo), where u{x) is the unique 
positive solution of (|2.16p . Thanks to h(oo) = oo, we get the second limit of ()3.3|) . 
Step 2 For any given < e ^ 1 and I S> 1, there exists a large T, such that 

h{t)>l, u(t,x) < u(x) + e, V0<x<Z, t>T. 

Let v\t, x) be the unique positive solution of 

vt — dv xx = v[c — v + b{u(x) + e)], t > T, < x < I, 
v(t,0) = 0, v(t,l) = K, t>T, 
[v(T,x)=K, XE[0,1], 
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where K > max {M, c+b(l+e)} , M is given by Theorem ll.li Since v(t, x) < M, by the comparison 
principle we have 

v(t, x)<v\t,x), V < x < I, t > T. (3.5) 

Let v e (x) be the unique positive solution of (|2.2p with A = 1 and f(x) = c + b(u(x) + e), and let 
vi(x) be the unique positive solution of 

{-dv" = v\c— v + b(u(x) + e)l, < x < Z, 
(3.6) 
u(0) = 0, = K. 

Thanks to v e (x) < K, the comparison principle asserts 

v £ (x)<vi(x), v £ {x) < v l (t,x), Vt>T, 0<x<l. 

Because of K is an upper solution of (|3.6j) . it follows that the limit lim^oo v l (t,x) exists and is a 
positive solution of (|3.6p . By the uniqueness of vi(x) we have that lim. t - >0 oV l (t,x) = vi(x) and this 
limit holds uniformly in x £ [0, 1}. In view of (|3.5p . it yields 

limsupt;(t, x) < Vi(x) uniformly on [0, /]. (3-7) 

t— >oo 

By Proposition l2.2l lim/^oo Vi(x) = v £ (x) uniformly in any compact subset of [0, oo). By Proposition 
12.31 lim^o v £ (x) = v(x) uniformly in any compact subset of [0, oo), where v(x) is the unique positive 
solution of (I2.17j) . These facts and (I3.7P imply the second limit of (I3.4p . 

Step 3 Since a(b + c) < 1, choose £o > such that a(b + c + £o) < 1> For any given < e < £o 
and / 3> 1, there exists a large T such that 

h(t) > I, v(t,x) < v(x) + £, V0<i<I, t>T. 

Moreover, when I 3> 1, the problem 

{—u" = u[l — u — a(b + c + e)], < x < /, 
n(0) = = «(0 

has a unique positive solution, denoted by u?(x). Thanks to u x (T,0) > and u(T,l) > 0, there is 
a positive constant a < 1 such that u(T,x) > au^{x) for all < x < I. As w(x) < 6 + c, it is easy 
to see that aui(x) is a lower solution of the problem 

{— u" = u\l — u — a(v(x) + e)l, < x < L 
(3.8) 
u(0) = = u(Z). 

Let u l (t,x) be the unique solution of 

Ut — u X x = u[l — u — a(v(x) + e)], t > T, < x < /, 
u(t, 0) = = u(t, I), t>T, 
u(T,x) = aiii(x), x G [0, 1]. 

Then u(t, x) > u l (t, x) for < x < I and t >T, and x) is increasing in t. Similar to the above, 
it can be deduced that the limit lim i _ i , 00 u\t, x) := Ui(x) exists and is the unique positive solution 
of (|3.8|) . Moreover, such limit holds uniformly on [0,1]. Hence, 

liminf u(t,x) > U/(x) uniformly on [0,1]. (3-9) 
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Similar to the argument of Step 2, let I — > oo firstly and e 
12.21 and Proposition 12.31 successively, we can prove that 



secondly, and apply Proposition 



lim Ui(x) = u(x) uniformly in any compact subset of [0,oo). 



This combines with (|3.9p to derive the first limit of (|3.3p . 

Similarly, we can prove the first limit of (|3.4f) . The proof is finished. rj 

4 Comparison principles 

In this section we shall provide some comparison principles which will be used to estimate the 
solution (u, v, h) and determine the criteria governing spreading and vanishing. 



Lemma 4.1 {Comparison principle) Let h G C 1 ([0,oo)) and h(t) > in [0, oo). Let u, v G 
C(0)f|C 1,2 (0), with O = {(t,x) G R 2 : t > 0, < x < h(t)}. Assume that (u,v,h) satisfies 



If h(0) > ho, u(0,x), v(0,x) > on [0,h(0)], andu(0,x) > uo(x), v(0,x) > vq(x) on [0, /io]. Then 
the solution (u,v,h) of (DFB) satisfies h(t) < h(t) on [0, oo), and u < u, v < v on D, where 
D = {(t,x) G R 2 : t > 0, < x < h(t)}. 

If, in (|4.ip . the conditions u(t, 0) > and v(t, 0) > are replaced by u x (t, 0) < and v x (t, 0) < 0, 
then the conclusion still holds for the solution of (NFB) . 

Proof. The proof can be proceed as the argument of [14, Lemma 5.1] with minor modification. 
We first consider that h(0) > ho. Then h(t) > h(t) for small t > 0. We can derive that h{t) > h(t) 
for all t > 0. If this is not true, there exists to > such that h(to) = h(to) and h(t) > h(t) for all 
t G (0,io). Thus, h'(t ) < h'(t ). Set 



Recall that u(0,x) > uq(x) on [0,ho] and u(to,h(to)) = = u(to, h(to)), the strong maximal 
principle yields that u > u in D to , and u x (to,h(to)) < u x (to,h(to)). Similarly, v > v in D tQ , and 
v x (t ,h(t )) < v x (t ,h(t )). However, 

h'(t ) > -fJ,[u x (to,h(t )) + pv x (t ,h(t )) > -n[u x (t ,h(t )) + pv x (t ,h(t ))] = h'(t ). 



When h(0) = ho, the process is same as that of [HI Lemma 5.1]. □ 
Same as the proof of Lemma 14.11 we can prove the following lemma. 

Lemma 4.2 (Comparison principle) Let h G C 1 ([0,oo)) with h(t) > for all t G [0, oo), and 
u G C(Oi) P| C 1i2 (Oi) with 0\ = {(t,x) : t > 0, < x < h(t)}. Assume that (v,h) satisfies 

Ht ~ dv xx < v(c — v), t > 0, 0<x< h(t), 




t>0, < x < h(t) 
t>0, < x < h(t) 



(4.1) 



= : t G (0,t ], < x < h(t)}. 



We get a contradiction. Hence, h(t) > h(t) for all t > 0, and u < u, v < v on D. 



< 



v(t,0) =v(t,h(t)) = 0, t>0, 
h?(t) < -ppv x (t,h(t)), t > 



(4.2) 
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and < h(0) < ho, < v(0,x) < Uq(x) on [0,/i(0)]. T/ien i/ie solution (u,v,h) of (DFB) satisfies 
h(t) > h{t) on [0, oo), and v(t, x) > v(t, x) on 0\ . 

If, in (I4.2p . the condition v(t,0) = is replaced by v x (t,0) > 0, then the conclusion still holds 
for the solution of (NFB) . 

Lemma 4.3 (Comparison principle) Let < fj,\ < [ii and (ui,Vi,hi) be the solution of (DFB) or 
(NFB) with [i = /ij. Then h2(t) > h\(t) for all t > 0. Furthermore, if in addition (uq,vq) satisfies 
either u' (ho) < or v' (ho) < 0, then h2(t) > h\(t) for all t > 0. 

Proof. The proof is similar to that of Lemma 3.4 of [29J and we omit the details. □ 

5 The criteria governing spreading and vanishing 

In this section we study the criteria governing spreading and vanishing for the problems (DFB) 
and (NFB), respectively. We first give a necessary condition of vanishing. 

Lemma 5.1 // /loo < oo, then hoc < it mm {^d/c, 1} for the problem (DFB), and < 
^ min {^d/c, 1} for the problem (NFB). 
Define 

7T min {\Jd/c, 1} for the problem (DFB), 



A 



7T , 

— min {y/d/c, 1} for the problem (NFB). 
, 2 



Then ho > A implies h^ = oo due to h'(t) > for t > 0. 

Proof. We only deal with the problem (DFB), since the problem (NFB) can be treated by the 
similar way. By Theorem I3.2| h^ < oo implies lim \\u(t, -),v(t, • ) 1 1 o To hit)] = 0- We assume h^ > A 
to get a contradiction. 



If fooo > 7r, then there exists e > such that h^ > 7r-y/l/(l — as). For such e, there exists 
T > 1 such that h(T) > - ae) and 

u(t,a;)<e, V t > T, x € [0, h(T)}. 

Set I = h(T) and let w = w(t,x) be the unique positive solution of the following initial boundary 
value problem with fixed boundary: 

wt = w xx + w (1 — w — ae) , t > T, < x < I, 
< w (t,0) = w(t,l) = 0, t>T, 
^ w(T, x) = u(T, x), < x < I. 

By the comparison principle, 

w(t,x) < u(t,x), Vt>T, < x < I. 



Since I > 7r-y/l/(l — ae), it is well known that w(t,x) — > w*(x) as t — > oo uniformly in the 
compact subset of (0,/), where w* is the unique positive solution of 

( w* x +w* (1 - ae - w*) = 0, < x < I, 
\ w*(0) = w*(l) = 0. 

Hence, liminf u(t, x) > lim w(t,x) = w*(x) > in (0,/). This is a contradiction to fj3.2[) . 
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If /ioo > vta/ d/c, then there exists T ^> 1 such that h(T) > n^J d/c. Set I = h(T) and let 
z = z(t, x) be the unique positive solution of the following initial boundary value problem with 
fixed boundary: 

zt = dz xx + z (c — z) , t > T, < x < I, 
z(t, 0) = z(t, I) = 0, t>T, 
z(T,x) = v(T,x), < x < I. 



By the comparison principle, 



z(t, x) < v(t, x), V t > T, < x < I. 



Since I > it y d/c, similar to the above, we can get a contradiction to (13.2 
Now we discuss the case ho < A. 



□ 



Lemma 5.2 Suppose that ho < A. For the problem (DFB), if 

^ j\ 1„ „ I d f7T 2 d , 2 \ / f 

fi > fi : = max 1 1, — ||v ||oo j - I — h J 12 y 

oo. For the problem (NFB), if 



ho 



xvo(x)dx 



then he- 



then h r 



a> a := max t 1, -II vol 
c 



d ( 7T fc , 



ho 



vo(x)dx 



oo. 



Proof. For the problem (DFB), we consider the following auxiliary problem 

Rt ~ dv xx = v(c — v), t > 0, < x < h(t), 

v(t,0) = 0, v{t,h(t)) = 0, t > 0, 
h'(t) = -npv a .(t,h(t)), t>0, 

v(0,x) = Vq(x), < X < /lo, 

It follows from Lemma 14.21 that 



h(t)<h(t), v(t,x) < v(t,x), Vt>0, 0<x<h(t). 

Recall that ho < A < ir^ d/c, and // > fi°, in view of the Proposition 4.8 in [T7], it yields h(oo) = oo. 
Therefore, /loo = oo. 

For the problem (NFB), we consider the following auxiliary problem 

v t — dv xx = v(c — v), t > 0, < x < h(t), 

v x {t,0) = 0, v(t,h(t)) = 0, t > 0, 

h'(t) = -iJ>pVj.(t,h(t)), t>0, 

v(0,x) = vo(x), < x < ho, 
h{0) = h . 



By Lemma 14.21 

h(t)<h(t), v{t,x) < v(t,x), V t > 0, 0<x<h(t). 

Note that ho < A < d/c, and /j, > ^x , by use of the Lemma 3.7 of [llj . we have h(oo) = oo. 
Therefore, h^ = oo. □ 
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Lemma 5.3 Assume that ho < A. Then there exists po > 0, depending also on uq(x) and vq(x), 
such that h^ < oo when < no for both problems (DFB) and (NFB). 

Proof. We shall use the argument from Ricci and Tarzia |27| to construct the suitable upper 
solutions and use Lemma 14. II to derive the desired conclusion. 

Step 1 We first consider the problem (NFB) and adopt the following functions constructed by 
Du and Lin [TT] (see also Guo and Wu 



6 _-f)t\ *v.n. Tr ,..\ —*V 



a(t) = h (1 + 6 - -e^j , t>0; V(y) = cos^-, < y < 1, 

u(t, x) = Me'^V f . v(t, x) = bMe-PV Cjfij) > < x < a{t). 

It is obvious that 

u x (t, 0) = v x (t, 0) = 0, u(t, a(t)) = v(t, cr(i)) = 0, V t > 0. 

Recall that ho < ^ min {^d/c, 1} in the present case and v(t,x) = bu(t,x). Similar to the proof of 
Corollary l(iii) in p3] (pp.892), we can verify that, for the suitable small positive constants 5 and 
P, and large positive constant M, the pair (u, v) satisfies 

Ut — u X x — u(l — u) > 0, t > 0, < x < cr(t), 

vt — dv xx — v(c — v + bu) > 0, t > 0, < x < cr(t), 
u(0,x) > uq(x), v(0, x) > v (x), < x < a {l + 5/2). 

Moreover, for such fixed constants 5, (3 and M, there exists > such that 

a'{t) + fj,(u x + pv x )\ x=u[t) > 

for all n < no- 

By Lemma |4. H a(t) > h(t). Taking t — > oo we have hoc < cj(oo) = ho(l + 5) < oo. 

Step 2 Now we discuss the problem (DFB). Recall that ho < 7r min {-v/ d/c, 1} for our present 
case, we can verify that there exist two positive constants 5, P <C 1 such that 

1 / vr 2 \ 

pSh - P - 1 > 0, (5.1) 



h (l + 5) \h (l + 6) 

1 / dTT 2 



P8h J - p - c> 0. (5.2) 



h (l + d) \h (l + 5) 
For such fixed 5 and P, let 

<r(t) = h (l + 5 - ~e~^ , t > 0; W(y)=smny, < y < 1, 

u(t,x) = Me'^W ( , v(t,x) = bMe-^W ( I , < x < <r(t), 
\<r(t)J \o-(t)J 

where M is a large positive constant. It is obvious that 

u(t,0) = u(*,0) = u(t,a(t)) = v(t,a(t)) = 0, V t > 0, (5.3) 

and 

u(0,x) > u (x), «(0,x) > u (x), V < x < o- (l + (5/ 2 ) (5-4) 
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provided that M>1. Moreover, for such fixed constants 5, (3 and M, since a(t) > ho(l + 5/2), it 
is easy to see that there exists < /xq <C 1 such that 



avla;=<r(£) 



1^1 /y .y- ( i . 6j0 )_L ) v ,), v / > () 
2 a[t ) 



(5.5) 



provided that < fx < fiQ. 

Denote y = x/a(t). The direct calculation yields, 

-n -\ - / 71-2 « r -8t/3 Sh o . - 

— "Wxx — n 1 — n = u 0/ , — p — 1 — e M — — cos iry + u 

7T 2 „ . -ptPfiha 



- u 1 ~27a - Z 3 - 1 - e — TTTTr - — cos vry 
K 0~ z {t) o~(t) 2sin7ry 

Since cos Try < for 1/2 < y < 1, and a(t) is increasing, we have 



u t — u xx — u(l — u) > u 



7T~ 



> u 



o*(t) 



7T- 



(3-1 



(3-1 



ht(i + sy 

> 0, V a(t)/2 <x< a(t) 

by (15. 1|) , Remember that < cos7ry < 1, y < ^sin-zry for all < y < 1/2, and e - ^* < 1 for all 
t > 0. We have that, for all t > and < x < cr(t)/2, 

_ 0t (35h o Try (38h Q 

e ~~ JvT^ COS7r 2/ < — 7TT-- 

<r(tj 2sm7ry <r(cj 



It follows that, for all t > and < x < ic(t), 



^ - u xx - u(l - u) > u 



= U 

> u 

> 



1 ( vr 2 



(3-1 



(35h c 



a(t) \a(t) 
1 



a(t) 
pSho) -(3-1 



h (l + 6) \h (l + 5) 



(35h a )-(3-l 



by (|5.ip . In conclusion, we have 

ut - u xx - u(l - u) > 0, Vi>0, < x < a(t). (5.6) 

Remember that v(t,x) = bu(t,x), in view of (|5.2p . similar to the above we can verify that 

vt - dv xx - v(c - v + bu) > 0, V i > 0, < x < a(t). (5.7) 

Notice that (|5.3p ~ (15.7j) . by virtue of Lemma 14.11 we have o~(t) > h{t). Taking t — > oo we have 
hoc < cr(oo) = /io(l + 5) < oo. The proof is complete. □ 

Theorem 5.1 (Criteria) Suppose that ho < A. Then there exists fi* > 0, depending on uq(x), 
vq(x) and ho, such that hoc < A if fi < fi* , and hoc = oo if [A > [A*. 
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Proof. The proof is similar to that of Theorem 3.9] and \29\ Theorem 5.2]. For the 
convenience to reader we shall give the details because of this is the main theorem in this section. 
We will write (u^, u^, h^) in place of (u,v,h) to clarify the dependence of the solution of (DFB) 
and/or (NFB) on /x. Define 

= {/" > : < A} . 

By Lemma [531 (Oj/^o] C Y- ^ n view of Lemma |5T2| YfMf^i 00 ) = 0. Therefore, fi* := sup^ 6 
[/to, ii ]. By this definition and Lemma 15.11 we find that ha,oo = °° when fj, > [i*. Hence, Y C 

(o,m*]. 

We will show that /z* € Y- Otherwise, /i^* j0 o = oo. There exists T > such that h^*(T) > A. 
By the continuous dependence of v^, h^) on /j,, there is e > such that h^(T) > A for ^ € 
(/u* — e, /U* + e). It follows that for all such n, 

lim h^t) > V(T) > A. 

t— too 

Therefore, (fi* — e, fj,* + e) f] Y = 0> and sup Y ^ ^* ~ £ - This contradicts the definition of /i*. 
By virtue of Lemma B~3| one has (0,/z*] C J^- The proof is completed. □ 

6 Asymptotic spreading speed 

In this section we provide an upper bound for lim sup - - , which shows that the asymptotic spread- 

t— >oo t 

ing speed (if exists) for both problems (DFB) and (NFB) cannot be faster than 2 max {y/cd, 1} 
under some suitable conditions. The number 2max{v / «i, 1} seems to be the minimal speed of 
traveling wave fronts of the prey-predator system 

Ut — Uxx = u(l — u — av), t > 0, i£l, 

(6.1) 

v% — dv xx = v(c — v + bu), t > 0, 
please refer to [TO] . 

It is easy to see that Theorem 5.17 of [20J still holds for the traveling wave fronts of the following 
system 

ut — u xx = u(l — u), t > 0, x G R, 

v t — dv xx = v(c — v + bu), t > 0, 
Thus, for any given s > 2max{Vcd, 1}, the following problem 

' stf + 4?' + <f>(l - 4>) = 0, sip 1 + dip" + ip(c - ip + 60) = in R, 
< 0(-oo) = l, V(-oo) = 6 + c, (0,^)(oo) = (0,0), 0(0) = 1/2, (6.2) 
k 0' < 0, ^' < in 1 

has a solution (<X£)> VK£))> with £ = x — st. Moreover, (<p(C),ip(C)) satisfies 

lim </>(£)e Al5 = lim ^(C)e A25 = 1, (6.3) 

where 
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Theorem 6.1 Let (u,v,h) be the solution of the problem (DFB) or (NFB) and = oo. If for 
any given s > 2max{\/cd, 1}, the problem (|6.2p has a solution (</>(£), "0(C)) satisfying 



for some positive constant f3 (which may depend on s). Then we have 

h(t) 



(6.5) 



limsup < 2 max {v cd, 1}. 

t— >oo t 

Before giving the proof of Theorem 16.11 we state one remark to guarantee the condition (16.5 



Remark 6.1 For any given s > 2max{ycd, 1}, let Ai and A2 be given by (|6.4f) . By the carefully 
calculations we have that if one of the following holds: 

(a) d > 1, cd > 1; 

(b) d > 1, cd < 1 and c + d> 2; 

(c) d < 1, cd > 1 and 2cd > c + d, 
then A2 > Ai . in meu> 0/ (16. 3p and the limits: 

lim </>(£) = 1, lim Tp(^) = b + c, 



For any given s > 



it can be seen that there exists a positive constant (5 such that (I6.5P holds. 

Proof of Theorem 16.11 The idea of this proof comes from [1 
2max{\/cd, 1}, let (</>(£), V>(£)) be the solution of (|6.2p satisfying ()6.5|) . 
Choose m > k S> 1 such that 

m/3 > 26/c, which implies (m — l)/3 > 2b(k — 1), 
> ||uo||oo, rmp(£) > ||u ||oo, V £ £ [0,h ]. 

For such fixed m and fc, recall that (</>(£), — > and (<^'(£), ' 
exists (To > ho such that 

((To) < mm 

0<z</i 



(6.6) 



as £ — )• 00, there 



^(°o) < min i/j(x) 

0<x<hg 



v {x) 



m 



(p(a ) < 1 - 1/k, V(cr ) < 2c(m - l)/(m + 3m 2 ), 
-n[k(j)'(a ) + mpip'(a )} < s. 

Set a(t) = uq + st and 

u(t,x) = k<f>(x — st) — k(p(ao), v(t,x) = mijj(x — st) — mi/j(ao) 

It is obvious that 

u(t, a(t)) = v(t, a(t)) = 0, Vt>0. 
Since <jj < 0, ip' < 0, we see that 

u(t, 0) > 0, v(t, 0) > 0, u x (t, 0) < 0, v x (t, 0) < 0, V i > 0. 

It is deduced from (]6.7p that 

u(0,x) > uq(x), v(0,x) > vq(x), V < x < ho. 



(6.7) 

(6.8) 
(6.9) 
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By the first inequality of (|6.8p . 



Ut — u xx — u(l — u) = k 



(k - 1) u 



fc-i 



A; — 1 — k(f)(cro) 
jfc - 1 



> 0. 



In order to save space, we denote 4>(cro) and ip(ao) by 4>o and V>o> respectively. Applying the second 
inequality of (|6.8p . (|6.5p and (|6,6p we have 

1 



m 



[«t - cfo xx -v(c-v + bu)} 



(m — 1) 



1 



2m 
m — 1 



m 2 ( (L + -^ o) + ^[(m - 1)^ - 2b(k - 1) 



+ 2^0(^0 - 2bk<f> ) + bk(4>ip + (j)Qip) 

> ~ip(f>[(m - 1)0 - 2b(k - 1)] + ~Vo</>oM " 26fc] 

> 0. 

It follows from (16. 9p that 

cr'(i) =s> -fi [k(f)'(a ) + pmip' (a )} = -p[u x (t,a(t)) + pv x (t,a(t))]. 

Recall that o~o > ho, we have verified the conditions of Lemma 14.11 
In view of Lemma |4.1| a(t) > h(t). Therefore 

,. Ht) . y <r(t) 
hmsup < lim = s. 

t-¥oo t t^oo t 



By the arbitrariness of s > 2max{vcd, 1} we get 



lim sup - - < 2max{\/cd, 1}. 

t— >oo t 



The proof is complete. □ 



Remark 6.2 The condition ()6.5[) is very harsh. However, by the similar method it can be proved 
that Theorem \6.1\ still holds if p is small, without the condition (|6.5[) . 



Remark 6.3 Let (w,g) and (z,p) be solutions of the free boundary problems 

w t - w xx = w(l - w), t > 0, < x < g(t), 
w x (t,0)=w(t,g(t)=0, t>0, 



and 



g'(t) = -T]W x (t,g(t)), 

w(Q,x) = w (x), 
g(0) = go > h 



t > 0, 

x G [0,5o], 



z t — dz xx = z(c — z), t > 0, < x < p{t), 
z x (t,0) = z(t,p(t))=0, t>0, 



V'(t) = -(z x (t,p(t)), 
z(0,x) = z {x), 
p(0) =Po < h , 



t > 0, 

x G [0,p ], 
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respectively. Assume that g(oo) = oo andp(oo) = oo (these will be true under the suitable conditions 
on the parameters go, po, r\ and £ ; refer to [H]). It follows from the result of [11] that there are 
positive constants g* and p* , such that 

v 9{t) * ,. p(t) 

lim = g , lim = p . 

t— ¥00 t t— >oo t 

Suppose that rj > fi, £ < fip, and 

uo(x) < wq(x) in [0, ho], vq(x) > zq(x) > in [0,po]- 

For the solution (u,v,h) of the problem, (NFB), by the comparison principle (Lemma 14.21 and its 
one similar version) we have that p(t) < h(t) < g(t). Hence, 

* ^ r h & ^ * 
p < lim < g . 

t— i-OO t 

7 Discussion 

In this paper, we have examined a Lotka-Volterra type prey-predator model with free boundary 
x = h(t) for both prey and predator, which describes the movement process through the free 
boundary. We envision that the two species initially occupy the region [0, ho] and have a tendency 
to expand their territory together. Then we extend some results of and |17| for one species case 
and [H] for two-species weak competition system case to the prey-predator system. The dynamic 
behavior are discussed. Let A = tt min {y/d/c, 1} for the problem (DFB), and A = 5 min {y/d/c, 1} 
for the problem (NFB). It was proved that: 

(i) If the size of initial habitat is not less than A, or it is less than A but the moving parame- 
ter/coefficient fj, of the free boundary is greater than fi* (it depends on the initial data {uq,vq) and 
ho), then the two species will spread successfully. Moreover, 

(ia) To the problem (NFB), as t — > oo, both u{t,x) and v(t,x) go to positive constants for 
the weakly hunting case: ac < 1 and ab < 1; while u(t,x) — > and v(t,x) — > c for the strongly 
hunting case: ac > 1; 

(ib) To the problem (DFB), if a(b + c) < 1, then u(t,x) and v(t,x) satisfy 

liminf u(t,x) > u(x), limsup u(t, x) < u(x), liminf v(t, x) > v(x), limsupw(t,x) < v(x) 

t^,oo t-toc t^oo t->oc 

uniformly in any compact subset of [0, oo), where u, v, u and v are positive functions given by 
Theorem 12.31 

(ii) While if the size of initial habitat is less than A and the moving parameter/coefficient ji 
of the free boundary is less than fj,*, then lim^oo h(t) < oo, and \\u{t,x),v(t,x)\\c\ g (t),h(t)} — ^ as 
t — > oo. That is, the two species will disappear eventually. 

The above conclusions not only provide the spreading-vanishing dichotomy and criteria govern- 
ing spreading and vanishing, but also provided the long time behavior of (u(t,x), v(t,x)). If the 
size of initial habitat is small, and the moving parameter is small enough, it causes no population 
can survive eventually, while they can coexist if the size of habitat or the moving parameter is large 
enough, regardless of initial population size. This phenomenon suggests that the size of the initial 
habitat and the moving parameter are important to the survival for the two species. It is well- 
known that the effect of habitat size to the survival for species with Dirichlet boundary problem is 
quite important (see, for example, [1]). 
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Finally, Theorem 5 reveals that the asymptotic spreading speed (if exists) cannot be faster than 
the minimal speed for the traveling wave fronts corresponding to the model (|6.ip . It would be very 
interesting if one can realize how the asymptotic spreading speed depends on these parameters. 
In |19j and [25], Lin and Pan, respectively, obtained some interesting results for the asymptotic 
spreading speeds of the model (I6.ip by construct the appropriate and elaborate upper and/or lower 
solutions. Their conclusions seems to show that the prey and predator may have the different 
asymptotic spreading speeds. 

A great deal of previous mathematical investigation on the spreading of population has been 
based on the traveling wave fronts of pery-predator system (|6.ip . A striking difference between our 
present problems and (|6.ip is that the spreading front in our present problems is given explicitly 
by a function x = h(t), beyond which the population densities of both prey and predator are 0, 
while in (16.ip . the two species become positive for all x once t is positive. Second, (16. 1|) guarantees 
successful spreading of the two species for any nontrivial initial populations (u(0, x) and v(0,x), 
regardless of their initial sizes and supporting area, but the dynamics of our present problems 
exhibit the spreading-vanishing dichotomy. The phenomenon exhibited by this dichotomy seems 
closer to the reality. 

Acknowledgment: The author would like to thank Professor Guo Lin. He provide me useful 
references [191 [20], [25] on the traveling wave fronts and minimal speed of the system (I6.ip . 
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